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ABSTRACT

The differential Biot-Savart law provides simple models for the π ring currents induced in diatropic and paratropic planar conjugated molecules
by a perpendicular magnetic field. The model predictions are confirmed by ab initio maps of nuclear magnetic shielding density. The effects
on the protons and on the ring carbon atoms from the closest and furthest segments of the current loop are easily interpreted.

The integral Biot-Savart (IBS) law1 gives the magnetic field
Bind(RJ) induced at a pointRJ, the position of nucleusJ, by
the current densityJB(r) generated by an external, static, and
spatially uniform magnetic fieldB. The effective field atRJ

is B + Bind(RJ). The nuclear magnetic shielding is described
by the tensorσ(RJ)

where the Einstein convention for summing over repeated
Greek indices is in force;εRâγ is the Levi-Civita tensor,
and J γ

Bδ ) ∂Jγ
B/∂Bδ is the current density tensor. The

integrand in eq 1 is a function of position in real space,
defining a shielding density,2,3 whose components can be
plotted over a plane specified by fixing one coordinate. The
representation ofJB and the corresponding shielding density
maps provide complementary pieces of information useful
for analyzing the regions where shielding/deshielding occur
and for developing interpretative models.4,5

For instance, despite the fact that a few authors regard
this model as wrong,7 the IBS law is used extensively to
explain the anomalous deshielding of arene proton chemical
shifts via the ring-current model (RCM).6,8-16 The RCM
predicts that an external field (0, 0,Bz) perpendicular to the
molecular xy plane of benzene inducesπ-electron ring
currents, which can be probed by the magnetic dipoleµH of
the H nucleus via the electron-coupled interaction energy
µHRσRâ

H Bâ.
The ring currents reduce the magnitude of the out-of-plane

componentσzz
H. One-third of this effect is observable in

nuclear magnetic resonance (NMR) spectra of molecules in
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disordered phase as a low-field chemical shift of the trace
1/3σRR

H with respect to a reference compound.8

However, in some situations, the IBS law is not the most
useful form for magnetostatic, and the differential relationship
(DBS) is more convenient.1 In the case of a current generated
by an externalB, the current elementIdl ) JBd3r, and the
DBS equation is cast in the form

with

the shielding density2,3 at P. The simple law (2) is sufficient
to evaluate the sign of the elemental flux density dBind and
of the components ofΣRδ at anyP.

The interpretative power of the DBS-based model in
Figure 1 for elemental shielding at benzenic protons is under-
stood by simple considerations. According to eq 2, the current
element in the proximity of the pointA reinforces the external
field at H, decreases the shielding density componentΣzz

H in
the region of the proton, and determines an elemental
downfield (paramagnetic) shift at the H nucleus. The out-
of-plane componentσzz

H is reduced. On the other hand, the
current element in the vicinity of B decreases the field at
the probe, increasesΣzz

H in its vicinity, and has an opposite
elementalshieldingeffect on the proton, i.e.,σzz

H increases.
If it is assumed that the modulus of theπ-ring current is

the same all over the circuit, the BS law (2) tells us that A
and B are local extremum points of the elemental flux density
dBind,z at the proton as a function of the position ofJB, since
dBind depends on the sine of the angle between theJB andr
vectors.

As the magnetic flux density at H changes sign on passing
from the region of the para to that of the ipso carbon, it
must vanish somewhere in between. From eq 2 it is seen

that the vector product vanishes ifJB and r are parallel or
antiparallel. In the model of Figure 1 there are a couple of
such points, on different sides with respect to the A-B
direction, approximately in the zone of ortho carbons.

Corresponding considerations are easily made forΣzz
H

allowing for the second identity of (2), e.g., the points A
and B are also extremum points of the proton shielding
density function. Deshielding at the site of the probe H is
overwhelming, as the contribution to the proton shielding
density fromJB at point B is comparatively much weaker
than that at the point A, due to itsr-2 dependence.17

Plots of the shielding density

obtained by accurate calculations of the quantum mechanical
current density confirm the reliability of the RCM in Figure
1.5 The maps ofΣzz

H are characterized by (i) a deep deshield-
ing spike localized about the ipso carbon (ii) a shielding crest
in the region of the meta and para carbons (iii) a nodal region
in the proximity of the ortho carbon atoms.4,5

The model of Figure 1 suggests that the distantπ ring
currents also bias the out-of-plane component of C shielding
in benzene. The local effect on a C nucleus, carrying the
magnetic dipoleµC, exerted by theπ diamagnetic ring
currents in which it is embedded, should approximately
vanish, since, according to the BS law, the induced magnetic
field changes sign on crossing the current loop. However,
shielding is expected from the current over the carbon
nucleus on the opposite side. The maps of ab initioΣzz

C con-
firm this prediction, vide infra the discussion of Figure 5.

One can ask if a simple model based on the DBS law like
that of Figure 1 can be devised to investigate the paratropism
of antiaromatic systems. The cyclobutadiene molecule has
been examined in this study. A non contracted (13s10p5d2f/
8s4p1d) basis set,18 containing 476 Gaussians, was adopted
to evaluate magnetizability, nuclear shielding of H and C
nuclei, and function (4) by the coupled Hartree-Fock (CHF)
approximation,19 within the procedure of continuous trans-
formation of the origin of the current density-diamagnetic
zero (CTOCD-DZ) and paramagnetic zero (PZ).13 The
parametersrCdC ) 1.331693 Å,rC-C ) 1.578485 Å,rC-H

) 1.081151 Å have been optimized with the constraint of
D2h geometry via the B3LYP/6-311++G** procedure of the
GAUSSIAN code.20

The estimates arrived at via the DZ2 and PZ2 procedures13

are very close to one another. The near-Hartree-Fock DZ2
results are partitioned in contributions fromσ + core
electrons and fromπ-electrons in Table 1.
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and deshielding contributions from the currents at A and B does not occur,
and the sign of the field induced atrP is mainly biased by the current nearest
to the probe.
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Figure 1. Ring-current model for benzene from the DBS law. The
external magnetic fieldBext perpendicular to the molecularxyplane
induces a diamagnetic (clockwise) current density in theπ electrons.
Theπ current through point A (B) generates an elemental magnetic
field dBind, red (green) line, reinforcing (diminishing)Bext at the
site of H proton, and causes deshielding (shielding) by lowering
(enhancing) the out-of-plane componentσzz

H.

dBind(r) ) 1
c
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|r|3
d3r ) -Σ(r)‚Bd3r (2)

ΣRδ(r) ) 1
c
εRâγ

râ

|r|3
J γ

Bδ (3)

Σzz
H(r) ) - 1

c
εzâγ

râ - RHâ

|r - RH|3
J γ

Bz(r) (4)

4452 Org. Lett., Vol. 6, No. 24, 2004



Figure 2 shows that a magnetic field perpendicular to the
molecular plane of cyclobutadiene induces intense paramag-
neticπ flow in a sizable region about theC2 symmetry axis,
encompassing the carbon skeleton and extending beyond the
C-C single bonds. Diamagneticπ currents are observed in
the regions of the CH bonds, on the side of each CdC bond,
where the phase portrait of four foci,13 i.e., streamlines
spiralling along thez direction, is recognized. The paramag-
neticπ flow over the carbon double bonds is much stronger
than that over the carbon single bonds. Therefore, theπ ring
current of cyclobutadiene can be ideally represented by a
loop lying inside the carbon skeleton, as in the model of
Figure 3.

The simple RCM of Figure 3 can be used to predict the
essentials of the shielding density map for the H nucleus.
Elemental shielding (deshielding) contribution at the site of
the proton is expected from theπ electron flow in the basin
of the closest (furthest) carbon atom.

The ab initio maps for theπ contribution toΣzz
H on the

upper part of Figure 4 show a shielding spike-up in the
vicinity of the ipsocarbon and an elongated depression about
the CdC bond on the opposite side, where theπ ring currents
cause deshielding at H, in full agreement with the model of
Figure 3. Two more peaks, and a spike-down, are observed
in the all-electron map on bottom of the figure, partially
merging with those originating fromπ flow. The nodal region
of Σzz

H lies close to the diagonal through C3 and C4. The

interpretation of the maps in Figure 5 is also eased by the
model of Figure 3. However, it is expedient to compare the
pattern in the upper part of Figure 5 with that observed in
benzene. Since the most intenseπ ring currents in C6H6 flow
above the carbon nuclei (where maxima of the modulus|JB|
are found), the node of theΣzz

C function approximately
coincides with the position of the reference C nucleus. The
outer (shielding) spike-up and the inner (deshielding) spike-
down have similar size and their effects essentially cancel
each other out. Therefore the net field induced at the C
nucleus by the closest portion of the loop vanishes.21

The furthest segment of theπ stream in the proximity of
the para carbon provides a weak shielding contribution to
the reference C nucleus, as expected from the model in
Figure 1. The global effect of theπ ring currents is that of
shielding the reference C nucleus. This is confirmed by the
calculatedπ contribution toσzz

C, ∼+19 ppm.13

The inverted pattern is observed for cyclobutadiene, with
some significant differences.
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M.; Cammi, R.; Mennucci, B.; Pomelli, C.; Adamo, C.; Clifford, S.;
Ochterski, J.; Petersson, G. A.; Ayala, P. Y.; Cui, Q.; Morokuma, K.; Malick,
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Table 1. Orbital Contributions to Magnetic Susceptibility (in
cgs ppm au) and Nuclear Magnetic Shielding (in ppm) of
Cyclobutadienea

property xx yy zz avg

ø
σ + core -26.65 -156.69 -268.24 -150.55
π -252.13 -86.40 226.85 -37.23
total -278.78 -243.09 -41.39 -187.78
σH1

σ + core 20.13 25.34 25.27 23.58
π 0.904 3.26 2.54 2.23
total 21.034 28.60 27.81 25.81
σC1

σ + core -45.08 101.98 130.24 62.38
π -62.94 4.11 -7.18 -22.00
total -108.02 106.09 123.06 40.38

a CTOCD-DZ2 results from the (13s10p5d2f/8s4p1d) basis set for the
D2h constrained geometry. The conversion factor for susceptiblility from
cgs au per molecule to cgs emu per mole isa0

3NA ) 8.9238878× 10-2;
further conversion to SI units is obtained by 1) J T-2 ) 0.1 cgs emu.

Figure 2. Ab initio ring-current model for cyclobutadiene. The
plots display a view at points in a plane parallel to that of the
molecule, displaced from it by 0.75 bohr, close to the maximumπ
electron density. Paramagnetic circulation is anticlockwise.

Figure 3. Ring-current model for cyclobutadiene from the DBS
law. The external magnetic fieldBext perpendicular to the molecular
xy plane induces a paramagnetic (anticlockwise) current density in
the π electrons. Theπ current through point A (B) generates an
elemental magnetic field dBind, green (red) line, diminishing
(reinforcing)Bext at the site of the H proton, and causes shielding
(deshielding) by enhancing (lowering) the out-of-plane component
σzz

H.

Org. Lett., Vol. 6, No. 24, 2004 4453



In this system, the paramagneticπ ring currents have
maximum intensity all over a circuit internal to the carbon
frame, so that the nodal line of theΣzz

C1 of the reference C1
is slightly displaced inward. Therefore, the amplitude of the
outer (deshielding) spike-down over the C1 nucleus, see
Figure 5, is much smaller than that of the inner (shielding)
spike-up, and cancellation between them does not occur.
Apparently the shielding effect is stronger, but it is confined
to a smaller area, compare the height of the spike-up with
the depth of the spike-down nearby and the wide extension
of the hollow region all around.

Deshielding caused by the current flowing in the other
side of the loop is evidenced by the ditch in the zone of C2
and C4 (additional weak deshielding provided by theσ
electron flow is observed in the maps on the lower part of
Figure 5). The global effect of the paramagneticπ ring
currents on the carbon nuclei of cyclobutadiene turns out to

be deshielding, as shown in Table 1. Theπ-electron
contribution to the out-of-plane component of carbon shield-
ing is -7.2 ppm.

The partitioning of the out-of-plane component of proton
shielding in this Table confirms the predictions of the
model: the positiveπ-electron contribution is≈2.5 ppm.
The π contribution to the out-of-plane component of the
magnetizability of cyclobutadiene is also positive. The total
øzz is therefore approximately six times smaller in magnitude
than the average in-plane component1/2(øxx + øyy). The
consistence of different theoretical predictions provides
further evidence for the validity of the model of Figure 3.
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(21) An observer, at the site of a reference C nucleus embedded in the
diamagneticπ stream, looking in the direction ofJB, and probing the effect
of the streamline D on his right (L on his left), at a distancerD(rL),
experiences an induced flux density dBD ∝ JB × rD/|rD|3d3r (dBL ∝ JB ×
rL/|rL|3d3r) parallel (antiparallel) toBext. The streamlines D and L are
assumed to be so close to one another thatJB at rD andrL is the same. The
opposite elemental fields cancel, and then no local ring current effect is
expected the out-of-plane componentσ|

C.12,13

Figure 4. Proton magnetic shielding densityΣzz
H on a plot plane

displaced by 0.75 bohr from that of the cyclobutadiene molecule.
In the contour map on the left, solid (dashed) lines mean positive
(negative) values. For theπ contribution, the values of the solid
(dashed) lines decrease (increase) in steps of (2× 10-3)c2 au from
the innermost contour at∼(2 × 10-2)c2 au (minimum at∼(-4 ×
10-3)c2). In the all-electron map, the values of the solid (dashed)
lines decrease (increase) by the same step from the innermost
contour at∼0.023c2 au (minimum at∼-0.015c2 au). c is the
velocity of light, ∼137.036 au.

Figure 5. Carbon magnetic shielding densityΣzz
C on a plot plane

displaced by 0.75 bohr from that of the cyclobutadiene molecule.
In the contour map on the left, solid (dashed) lines mean positive
(negative) values. For theπ contribution, the values of the solid
(dashed) lines decrease (increase) in steps of (5× 10-3)c2 au from
the innermost contour at∼0.08c2 au (minimum at∼-0.03c2). In
the all-electron map, the values of the solid (dashed) lines decrease
(increase) by the same step from the innermost contour at∼0.09c2

au (minimum at∼-0.05c2 au).
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